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In this contribution a recently proposed iterative procedure is used to study the
BFKL gluon Green’s function at next–to–leading order. This is done in QCD
and in N=4 supersymmetric Yang–Mills theory. The study includes an analysis
of the evolution with energy and of angular dependences. A discussion of a novel
resummation of running coupling terms in the QCD case is included.
1 Introduction
The Balitsky–Fadin–Kuraev–Lipatov (BFKL) [1] equation resums a class of loga-
rithms dominant in the Regge limit of scattering amplitudes where the centre of
mass energy
√
s is large and the momentum transfer
√−t is fixed. The energy de-
pendence of the cross section is carried by the gluon Green’s function (GGF), which
describes the interaction among Reggeised gluons exchanged in the t–channel. The
GGF carries a dependence on the transverse momenta of the exchanged gluons,
~ka,b, and evolves with energy following the BFKL equation, with the rapidity, Y,
playing the role of a time variable. The equation can be written in terms of a Mellin
transform in Y of the GGF,
f
(
~ka, ~kb,Y
)
=
∫ a+i∞
a−i∞
dω
2πi
eωYfω
(
~ka, ~kb
)
, (1)
and reads
ωfω
(
~ka, ~kb
)
= δ(2)
(
~ka − ~kb
)
+
∫
d2~k′ K
(
~ka, ~k
′
)
fω
(
~k′, ~kb
)
. (2)
The kernel, K, is known at next–to-leading (NLL) accuracy where terms of the
form (αsY)
n and αs (αsY)
n are resummed [2,3]. To solve the equation with no
approximations, as shown in Ref. [4], it is useful to use dimensional regularisation
and treat the cancellation of infrared divergences without angular averaging the
kernel. The solution can then be presented in the iterative form
f(~ka, ~kb,Y) = e
ω0(~ka,λ)Yδ(2)(~ka − ~kb)
+
∞∑
n=1

n∏
i=1
∫
d2~ki
∫ yi−1
0
dyi
θ
(
~k2i − λ2
)
π~k2i
ξ
(
~ki
)
+ K˜r
(
~ka +
i−1∑
l=0
~kl, ~ka +
i∑
l=1
~kl
)
× eω0
(
~ka+
∑
i−1
l=1
~kl,λ
)
(yi−1−yi)
}
eω0(
~ka+
∑
n
l=1
~kl,λ)ynδ(2)
(
n∑
l=1
~kl + ~ka − ~kb
)
, (3)
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where y0 ≡ Y . The functions ω0, ξ and K˜r are described below when the behaviour
of the solution is discussed.
2 The GGF in the QCD case
To regularise the infrared divergences a phase space slicing parameter λ is intro-
duced resulting in the following expressions:
ω0 (~q, λ) ≡ lim
ǫ→0
(
2ω(ǫ) (~q) +
∫
d2+2ǫ~kK(ǫ)r
(
~q, ~q + ~k
)
θ
(
λ2 − ~k2
))
= −α¯s
{
ln
~q2
λ2
+
α¯s
4
[
β0
2Nc
ln
~q2
λ2
ln
µ4
~q2λ2
+
(
4
3
− π
2
3
+
5
3
β0
Nc
)
ln
~q2
λ2
− 6ζ(3)
]}
, (4)
which will be the gluon Regge trajectory in this regularisation, and
ξ (~q) ≡ α¯s + α¯
2
s
4
(
4
3
− π
2
3
+
5
3
β0
Nc
− β0
Nc
ln
~q2
µ2
)
, (5)
which enters in the real emission integral. µ is the renormalisation scale in the
MS scheme. The remaining part of the kernel, K˜r, can be found in Ref. [4]. The
solution as obtained from Eq. (3) is independent of λ when this parameter is small
compared to the external transverse scales entering the GGF. As an example in
Fig. 1 (left) it is shown how the GGF for large external scales is independent of
λ for values of λ well above ΛQCD, a consequence of the infrared finiteness of the
calculation. For a given value of λ convergence of the solution is achieved for a
finite number of iterations as can be seen in Fig. 1 (right) where the GGF can
be obtained as the area under the curves. The number of iterations of the kernel
needed to obtain the solution increases with the available energy Y. These results
have been published in Ref. [5].
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Figure 1. Left: λ independence of the GGF. Right: Distribution on the number of iterations
needed to calculate the GGF.
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In Fig. 2 (left) the growth with energy of the GGF is compared at LL to that
at NLL. When higher order corrections are included the intercept diminishes. The
bands correspond to the choices of renormalisation scale µ = kb, kb/2, 2kb, being
much narrower at NLL. In Fig. 2 (right) the dependence on the angle between
the two external transverse scales, ~ka,b, is plotted. The region where this angle is
smaller dominates and for larger energies the angular correlation decreases.
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Figure 2. Left: Energy dependence of the GGF. Right: Angular dependence of the GGF.
2.1 Resummation of running coupling terms beyond BFKL
Making use of the regularisation presented in this work it is possible to go beyond
the pure BFKL calculation by resumming the running coupling terms. To illustrate
this point it is convenient to connect with the work in Ref. [6] where the gluon Regge
trajectory was calculated in the context of the renormalisation group evolution of
Wilson lines. In Ref. [6] the trajectory is related to the so called “cusp anomalous
dimension” in the form
ω0 (~q, λ) = −1
2
∫ ~q2
λ2
d~k2
~k2
Γcusp
(
α¯s
(
~k2
))
+ constant, (6)
with Γcusp (α¯s) = α¯s + α¯
2
sS, and S = 13 − π
2
12 +
5
12
β0
Nc
. One can then use, as in the
original derivation of the NLL BFKL kernel, the O(α2s) expansion of the coupling,
α¯s
(
~k2
)
≈ α¯s
(
µ2
) − α¯2s (µ2) β04Nc ln ~k2µ2 , to obtain the result of Eq. (4) by simply
fixing the constant of integration to the full calculation of the trajectory in Ref. [2],
i.e., constant = α¯2s
3
2 ζ(3).
The resummation of running coupling terms is then achieved if the resummed
running, α¯s
(
~k2
)
= 1/ β04Nc ln
~k2
Λ2
QCD
, is introduced. With this choice the trajectory
reads
ω0 (~q, λ) =
4Nc
β0
ln
α¯s
(
~q2
)
α¯s (λ2)
+
4Nc
β0
S [α¯s (~q2)− α¯s (λ2)]+ α¯2s 32ζ(3). (7)
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In this case the ξ function in the real emission is ξ = α¯s
(
~q2
)
+ α¯2s
(
~q2
)S, ensuring
the λ independence of the GGF. This resummation will be further discussed in
a coming publication, including a numerical study of the gluon–bremsstrahlung
scheme, where the factor S is absorbed in the coupling constant, together with
a comparison to previous approaches in the literature for the treatment of the
running [9] and studies of the NLL GGF [10].
3 Conformal spins in N=4 supersymmetric Yang–Mills theory
In the N=4 supersymmetric case [7] the gluon Regge trajectory in this regularisation
simplifies to (see Ref. [8] for details)
ω0 (~q, λ) = −a
{
ln
~q2
λ2
+
a
4
[(
1
3
− 2ξ(2)
)
ln
~q2
λ2
− 6 ζ(3)
]}
, (8)
where now the coupling a does not run, and double logarithms are not generated
in Eq. (8). The expression for
ξ ≡ a+ a2
(
1
12
− ζ(2)
2
)
(9)
is a simple constant. As the theory is conformally invariant it is possible to find the
solution to the NLL BFKL equation first expanding the GGF in conformal spins,
n, as
f
(
~ka, ~kb,Y
)
=
∞∑
n=−∞
fn
(
|~ka|, |~kb|,Y
)
einθ, (10)
and then expressing the coefficients in terms of the known eigenvalues, i.e.,
fn
(
|~ka|, |~kb|,Y
)
=
1
2π|~ka||~kb|
∫
dγ
2πi
(
~k2a
~k2b
)γ− 1
2
eωn(a,γ)Y, (11)
these ωn(a, γ) eigenvalues can be found in [7,8]. Alternatively, Eq. (11) can be also
obtained by means of the iterative method of Eq. (3) by projecting on the conformal
spins:
fn
(
|~ka|, |~kb|,Y
)
=
∫ 2π
0
dθ
2π
f
(
~ka, ~kb,Y
)
cos (nθ). (12)
The agreement found in Ref. [8] for these projections serves as a cross–check of the
calculations in Ref. [7] and shows the accuracy of the method in Eq. (3). This is
highlighted in Fig. 3 where the analytic expressions are compared to the iterative
ones for the expression in Eq. (11) (left) and the full expansion in Eq. (10) (right).
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